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Abstract

Delayed feedback control is a novel control strategy that utilizes time delay for good control effectiveness. This strategy is now

mainly studied on theoretical basis and few effect was ever made on the experiment. This paper presents an experimental study of

delayed feedback control using a flexible plate as research object. A treating method for multiple time delays is proposed. The

experiment system is structured based on the DSP TMS320F2812. Piezoelectric (PZT) patches are used as actuators and foil

gauges as sensors. The optimal positions of PZT actuators on the plate are determined using the particle swarm optimizer (PSO).

The feasibility and efficiency of delayed feedback control method are verified both theoretically and experimentally.

r 2008 Elsevier Ltd. All rights reserved.
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1. Introduction

Time delay inevitably exists in active control systems and it may cause degradation of control efficiency or
even instability of control systems [1]. Many factors, such as measurement of system variables, calculation of
controller and processes for actuators to build up required control forces, can result in the non-
synchronization of control forces. In practice, many engineering problem exist time delay, such as satellite
communication with the ground, control loops of active vehicle suspension system and metal cutting chatter
etc. Although in most cases time delay in a control system is small, it leads still to complex dynamic behavior
of control systems [1].

Generally speaking, the investigations on time delay may be divided into two classes: elimination and
utilization technologies. At first, time delay was regarded as a ‘‘bad’’ factor and had only negative effect on
control systems, causing degradation of control efficiency or the instability of systems. In order to eliminate or
weaken its negative effect, some methods were subsequently proposed to handle the problem, including Taylor
series expansion [2], phase shift technique [3] and advance state estimation [4]. These methods can deal
effectively with some small time delay problems in control systems, but awkwardly with large ones. Cai and
Huang [5,6] have recently proposed a new time-delay controller. This controller is designed directly from time-
delay differential equation without any hypothesis in whole process of controller, suitable for both small and
large time delays. The key point of the methods mentioned above to eliminate the negative effect of time delay
is so-called time-delay elimination technology or time-delay compensation technology. Its main function is to
eliminate or weaken the negative effect of time delay on control efficiency. Moreover, recent investigations
have shown that voluntary introduction of delays can also benefit the control. Utilizing time delay to compose
a delayed feedback control loop may be used to improve control performance or system stability. For
example, in nonlinear dynamics area, achievement is remarkable using time delay to control chaos motion
[7–9]. The results obtained in Ref. [9] show that time delay may be used as a simple but efficient ‘‘switch’’ to
control motions of a system: either from order motion to chaos or from chaotic motion to order for different
applications. In structural control area, Hosek and Olgac [10] developed a time-delay resonator that may be
used for vibration control of structures. The main idea of time-delay resonator is to add a delayed feedback
loop into control systems to reduce structural vibration by adjusting control weighting coefficient and the
magnitude of time delay. Zhao and Xu [11] discussed a delayed feedback control for vibration suppression of a
two-degree-of-freedom (dof) nonlinear system with external excitation. Effects of both positive and negative
feedback control were observed when the primary resonance and 1:1 internal resonance occur in the system
simultaneously. In robotics area, Cai and Lim [12] designed a time-delay controller for a flexible manipulator.
Their results show that delayed feedback control design may possibly achieve much better control efficiency
than the control design without time delay. Moreover, in control system of pipeline transport, time delay may
be utilized to enhance steady critical speed of flowing liquid [13]. Time delay may be also used to improve
system stability [14,15]. Those researches above involving the active utilization of time delay is so-called time-
delay utilization technology or delayed feedback control method, which assumes time delay as a design
parameter to obtain good control performance. Even though up to now researches have been done much on
the elimination and utilization of time delay, most of work is theoretical one but few on experiment.

In this paper, the delayed feedback control is numerically and experimentally studied using a flexible plate
as a research object. And single and double time delay are considered, respectively. The feasibility and
efficiency of the delayed feedback control are verified simultaneously. This paper is organized as follows.
Section 2 presents the motion equation of piezoelectric (PZT) flexible cantilever plate. Optimal positions of
actuators using the particle swarm optimizer (PSO) are discussed in Section 3. Section 4 gives a discretized
state equation of the system with multiple time delays and a corresponding controller. Numerical and
experimental results are shown in Section 5 in the consideration of the proposed controller. Finally,
concluding remarks are given in Section 6.

2. Equation of motion

Transverse vibration of a flexible cantilever plate is considered, as shown in Fig. 1. Assume that r1 PZT
actuators are used for vibration control of the plate. Based on the Kirchhoff–Love hypothesis, the motion
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Fig. 1. Cantilever plate with FEM girding.
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equation of the plate can be expressed as [16]

Dpr
4wþ Cs _wþ rph €wþ

Xr1

i¼1

Ci
0

d31i

hai

½d0ðx� x1iÞ � d0ðx� x2iÞ�½Hðy� y1iÞ �Hðy� y2iÞ�

�

þCi
0

d31i

hai

½Hðx� x1iÞ �Hðx� x2iÞ�½d
0
ðy� y1iÞ � d0ðy� y2iÞ�

�
ViðtÞ ¼ 0 (1)

where w(x,y,t) represents the transverse displacement of any point (x,y) of the plate at the moment t; Dp ¼

Eph3=½12ð1� n2pÞ� is the flexural rigidity of the plate, Ep and np are the Young’s modulus and Poisson’s ratio of

the plate, respectively; r2 ¼ q2=qx2 þ 2ðq2=qxqyÞ þ q2=qy2; Cs, the structural damping operator; rp, the mass
per unit volume of the plate; h, the thickness of the plate; d31i, the bending strain constant of the i-th PZT
actuator; hai, the thickness of the i-th PZT actuator; d( � ), the Dirac delta function; ðx1i; y1iÞ and ðx2i; y2iÞ are
the down-left and top-right coordinates of the i-th PZT actuator in the O–XY system, respectively; H( � )
represents the unit Heaviside (step) function; Vi is the applied voltage on the i-th PZT actuator. The parameter

Ci
0 in Eq. (1) is the mechanical–electrical coupling coefficient between the i-th PZT actuator and the plate and

is given by Ref. [16]

Ci
0 ¼ �

2

3

1þ npei

1� np

Eph2
pPi

1þ np � ð1þ npeiÞPi

and Pi ¼ �
Epei

Ep

1� n2p
1� n2pei

3haihpð2hp þ haiÞ

2ðh3
p þ h3

aiÞ þ 3hph2
ai

(2)

where Epei and npei represent the Young’s modulus and Poisson’s ratio of the i-th PZT actuator, respectively;
hp, the half thickness of the plate.

The transverse displacement wðx; y; tÞ can be expressed as a time-dependent weighted sum of assumed
spatial mode shape functions, given by

wðx; y; tÞ ¼
X1
j¼1

W jðx; yÞZjðtÞ (3)

where Wj and Zj represent the modal function and modal coordinate of the j-th mode of plate, respectively.
Analytical solution of modal function of the plate cannot be obtained directly, so modal trail function

method is often used to express the modal function approximately. In this paper, the modal function is
determined in term of the following process: the discrete mode of the plate is firstly obtained using the finite
element method (FEM), then the discrete mode is fitted to be a continuous one by polynomial fitting using the
classical least squares method. The continuous modal function obtained has also characteristics of
orthogonality.
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Using the orthogonality of modal function and truncating the first n modes of the plate, the dynamic
equation of the plate may be written as

€̂UðtÞ þ Ĉ
_̂UðtÞ þ K̂ÛðtÞ ¼

Xr1

i¼1

ĤiV iðtÞ ¼ ĤV̂ðtÞ (4)

where ÛðtÞ ¼ ½Z1; Z2; . . . ; Zn�
T is the n-dimensional vector of modal coordinate, T denotes the transpose of a

matrix or vector, n is the number of dof of the plate; Ĉ ¼ diagð2z1o1; 2z2o2; . . . ; 2znonÞ is the n� n damping

matrix of the plate, zj and oj are the damping ratio and natural frequency of the plate, j ¼ 1,2,y,n; K̂ ¼

diagðo2
1;o

2
2; . . . ;o

2
nÞ is the n� n stiffness matrix of the plate; Ĥi ¼ M̂

�1
½piezoi

1;piezo
i
2; . . . ;piezo

i
n�
T is a n� 1

vector denoting the positions of actuators, M̂ is the n� n modal mass matrix of the plate; Ĥ ¼

½Ĥ1; Ĥ2; . . . ; Ĥr1 � is a n� r1 matrix; V̂ðtÞ ¼ ½V1ðtÞ;V 2ðtÞ; . . . ;Vr1ðtÞ�
T is a r1� 1 vector of PZT voltages. The

coefficient of PZT actuator, piezoi
j, is given by Ref. [16]

piezoi
j ¼ � Ci

0

d31i

hai

Z y2i

y1i

W jxðx2i; yÞdy�

Z y2i

y1i

W jxðx1i; yÞdy

" #(

þ Ci
0

d31i

hai

Z y2i

y1i

W jyðx; y2iÞdy�

Z y2i

y1i

W jyðx; y1iÞdy

" #)
(5)

where W jx ¼ qW j=qx and W jy ¼ qW j=qy.

In the state–space representation, Eq. (4) becomes

_̂
ZðtÞ ¼ ÂẐðtÞ þ B̂V̂ðtÞ (6)

where

ẐðtÞ ¼
ÛðtÞ
_̂UðtÞ

" #
; Â ¼

0 I

�K̂ �Ĉ

� �
and B̂ ¼

0

Ĥ

� �
.

3. Optimal positions of actuators

In this section, optimal positions of actuators on the plate will be investigated. To determine positions of
actuators is in fact an optimization problem which can be solved by optimizing a certain index function by
some optimization algorithm. The index function is to evaluate the optimum of the structure when actuators
are placed at different positions on the structure. The extremum of the index function corresponds to the
optimal position of the actuator, while the optimization algorithm is to get the extremum as fast as possible.
Therefore the optimization problem of actuators consists of the selection of an index function and the
selection of an optimization algorithm. For the index function, the index criterion based on controllable
Gramian matrix is often used as objective function to optimize the positions of actuators. For example,
Sylvaine et al. [17] proposed an index criterion for optimal positions of PZT sensors and actuators of flexible
structures using controllable Gramian matrix. This criterion is depended on the geometric characteristics of
ellipsoids. The system is more controllable when the value of this criterion is bigger. So the maximum value of
this index criterion gives out the best positions of actuators. Wang et al. [18] used this index criterion to study
optimal position of one actuator on a two-dimensional (2-D) flexible plate. The index criterion in Ref. [17] is
given by

Crit ¼ trðWcÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detWc

2n
p

=sðgiÞ (7)

where trðWcÞ is the trace of Wc, representing the total energy transmitted from the actuators to the structure,
Wc is the controllable Gramian matrix that is given by the following Eq. (8);

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det Wc

2n
p

is the geometric mean
of eigenvalues, namely the volume of the ellipsoids, n is the dof of the structure, detWc represents the
determinantal value of Wc; s(gi) is the standard deviation of the eigenvalue of Wc, gi is the eigenvalue of Wc.
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The parameter s(gi) penalizes the positions where there are very high or small eigenvalues. The parameter Wc

is the solution of the following Lyapunov equation

ÂWc þWcÂ
T
þ B̂B̂

T
¼ 0 (8)

Next consider the optimization algorithm. In this paper, PSO, proposed by Kennedy and Eberhart in 1995
[19], is used as optimization algorithm for optimal positions of actuators. PSO is one of the evolutionary
computation techniques. For its simplicity to use, high-calculation efficiency, fast convergence rate and strong
paralleling ability, it has found applications in various scientific problems such as the optimization of
continuous nonlinear function, training of artificial neural network weights, fuzzy control, etc. PSO proves
effective and efficient in all these applications [19–21].

In a PSO system, each particle represents a candidate solution to the problem at hand. Particles change their
positions by flying around in a multidimensional search space until a relatively unchanged position has been
encountered, or until computational limitations are exceeded.

Assume that there is a swarm composed of m particles in a D-dimensional space. The position of the i-th
particle in the D-dimensional space is represented by a vector xiðtÞ ¼ ½xi;1ðtÞ;xi;2ðtÞ; . . . ;xi;DðtÞ�

T and its motion
velocity is viðtÞ ¼ ½vi;1ðtÞ; vi;2ðtÞ; . . . ; vi;DðtÞ�

T, where xi;jðtÞ and vi;jðtÞ are the position and velocity of the i-th
particle with respect to the j-th dimension in the D-dimensional space, respectively. As a particle moves
through the search space, it compares its fitness value at the current position to the best fitness value it has ever
attained at any time up to the current time. The best position associated with the best fitness encountered so
far is called the individual best x*(t). For each particle in the swarm, x*(t) can be determined and updated
during the search. In a maximization problem with objective function Crit, the individual best of the i-th
particle xi*(t) is determined so that Crit½x�i ðtÞ�XCrit½xiðtÞ�, tpt. For simplicity, assume that
Crit�i ¼ Crit½x�i ðtÞ�. For the i-th particle, individual best can be expressed as x�i ðtÞ ¼ ½x

�
i;1ðtÞ; x

�
i;2ðtÞ; . . . ;

x�i;DðtÞ�
T. Assume that x�gðtÞ is the best position among all of the individual best positions achieved so far.

Hence, the global best can be determined such that Crit½x�gðtÞ�XCrit½x�i ðtÞ�, i ¼ 1,2,y,m. For simplicity,
assume that Crit�g ¼ Crit½x�gðtÞ�. In using the PSO, stopping criteria should be defined such that the search
process will terminate. In this study, the search will terminate if one of the following criteria is satisfied: (a) the
number of iterations since the last change of the best solution is greater than a prespecified number and (b) the
number of iterations reaches the maximum allowable number.

The PSO technique can be described in the following steps [20]:
Step 1 (Initialization): Set t ¼ 0 and generate random m particles, fxið0Þ; i ¼ 1; 2; . . . ;mg, where

xið0Þ ¼ ½xi;1ð0Þ;xi;2ð0Þ; . . . ;xi;Dð0Þ�
T. xi;dð0Þ is generated by randomly selecting a value with uniform probability

over the d-th optimized parameter search space ½xmin
d ;xmax

d �. Similarly, generate randomly initial velocities of
all particles, fvið0Þ; i ¼ 1; 2; . . . ;mg, where við0Þ ¼ ½vi;1ð0Þ; vi;2ð0Þ; . . . ; vi;Dð0Þ�

T. vi;d ð0Þ is generated by randomly
selecting a value with uniform probability over the d-th dimension ½�vmax

d ; vmax
d �, where vmax

d is a constant and
given by the user. Each particle in the initial population is evaluated using the objective function, Crit. For
each particle, set x�i ð0Þ ¼ xið0Þ and Crit�i ¼ Criti, i ¼ 1,2,y,m. Search for the best value of the objective
function Critbest. Set the particle associated with Critbest as the global best, x�gð0Þ, with an objective function of
Crit�g. Set the initial value of the inertia weight oð0Þ (see Eq. (9)).

Step 2 (Time updating): Set t ¼ t+1.
Step 3 (Weight updating): Set oðtÞ ¼ oðt� 1Þ.
Step 4 (Velocity updating): Using the global best and individual best, the i-th particle velocity in the d-th

dimension is updated according to the following equation:

vi;dðtÞ ¼ oðtÞvi;dðt� 1Þ þ c1r1½x
�
i;dðt� 1Þ � xi;dðt� 1Þ� þ c2r2½x

�
gði;dÞðt� 1Þ � xi;dðt� 1Þ� (9)

where i ¼ 1; 2; . . . ;m; d ¼ 1; 2; . . . ;D. The parameter oðtÞ is the weighting function for velocity of the i-th
particle, used to control the impact of the previous velocities on the current velocity. It influences the tradeoff
between the global and local exploration abilities of the particles [21]. For initial stages of the search process,
large inertia weight to enhance the global exploration is recommended while, for last stages, the inertia weight
is reduced for better local exploration. The parameters c1 and c2 are positive constants and r1 and r2 are
uniformly distributed random numbers in [0,1]. Check the velocity limits. If the velocity violated its limit, set it
at its proper limit.



ARTICLE IN PRESS
L.-X. Chen et al. / Journal of Sound and Vibration 322 (2009) 629–651634
Step 5 (Position updating): Based on the updated velocities, each particle changes its position according to
the following equation:

xi;dðtÞ ¼ xi;dðt� 1Þ þ vi;dðtÞ (10)

Step 6 (Individual best updating): Each particle is evaluated according to the updated position. If
CritioCrit�i , i ¼ 1,2,y,m, then update individual best as x�i ðtÞ ¼ xiðtÞ and Crit�i ¼ Criti and go to step 7; else
go to step 7.

Step 7 (Global best updating): Search for the maximum value Critmax among Crit�i , where max is the index of
the particle with maximum objective function value, i.e., max 2 fi; i ¼ 1; 2; . . . ;mg. If Critmax4Crit�g then
update global best as x�g ¼ xmaxðtÞ and Crit�g ¼ Critmax and go to step 8; else go to step 8.

Step 8 (Stopping criteria): If one of the stopping criteria is satisfied, then stop, or else go to step 2.

4. Design of multiple time-delay controller

In this section, the controller with multiple time delays is studied. For simplicity in expression, two PZT
actuators are used for controlling the first two modes of the plate. The analysis method below may be easily
extended to multiple time delays. Setting n ¼ 2 and r1 ¼ 2 in Eq. (4) and adding delays in control, the
controlled modal equation of the plate may be written as

€UðtÞ þ C _UðtÞ þ KUðtÞ ¼
X2
i¼1

HiV iðt� liÞ (11)

where UðtÞ ¼ ½Z1; Z2�
T; C ¼ diagð2z1o1; 2z2o2Þ; K ¼ diagðo2

1;o
2
2Þ; li represents the time delay, i ¼ 1,2;

Hi ¼ M̂
�1

2�2½piezo
i
1; piezo

i
2�
T, i ¼ 1,2, M̂2�2 is the 2� 2 modal mass matrix consisted of the first two modes

of the plate, piezoi
j is given in Eq. (5).

4.1. Discretization and standard of multiple time-delay control equation

The time delay li can be written as

li ¼ liT �mi; i ¼ 1; 2 (12)

where T is data sampling period, li41 is a positive integral number and 0pmioT . It is pointed out in Ref.
[22] that time delay has small effect on control performance and can be ignored in control design if time delay
is smaller than data sampling period T. Time delay affects control system only when it is larger than T. So
li4T is considered in this paper. Moreover, mi ¼ 0 is only considered, i.e., time delay is integer times of
sampling period.

In the state–space representation, Eq. (11) becomes

_ZðtÞ ¼ AZðtÞ þ
X2
i¼1

BiV iðt� liÞ (13)

where

ZðtÞ ¼
UðtÞ
_UðtÞ

" #
; A ¼

0 I

�K �C

� �
and Bi ¼

0

Hi

" #
.

The analytical solution of Eq. (13) is [5,22]

ZðtÞ ¼ eAðt�t0ÞZðt0Þ þ
X2
i¼1

Z t

t0

eAðt�tÞBiV iðt� liÞdt (14)

Zero-order holder is used in the structure, i.e.,

V iðtÞ ¼ ViðkÞ; kTptoðk þ 1ÞT (15)
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Let t0 ¼ kT and t ¼ ðk þ 1ÞT , Eq. (14) becomes

Zðk þ 1Þ ¼ eATZðkÞ þ
X2
i¼1

Z ðkþ1ÞT
kT

eAððkþ1ÞT�tÞBiV iðt� liÞdt (16)

By variable substitution Z ¼ ðk þ 1ÞT � t, Eq. (16) becomes

Zðk þ 1Þ ¼ eATZðkÞ þ
X2
i¼1

Z T

0

eAZBiV i½ðk þ 1ÞT � liT þmi � Z�dZ (17)

With mi ¼ 0 and substitution of Eq. (15) into Eq. (17), we have

Zðk þ 1Þ ¼ FZðkÞ þ
X2
i¼1

GiV iðk � liÞ (18)

where F ¼ eAT and Gi ¼
R T

0 eAt dtBi, i ¼ 1,2.
Eq. (18) is a time-delay differential equation. Next consider the standardization of this equation.

Augmenting the state variables in Eq. (18) as

Z4þ1ðkÞ ¼ V 1ðk � l1Þ

..

.

Z4þl1 ðkÞ ¼ V 1ðk � 1Þ

Z4þl1þ1ðkÞ ¼ V 2ðk � l2Þ

..

.

Z4þl1þl2 ðkÞ ¼ V 2ðk � 1Þ

8>>>>>>>>>>><
>>>>>>>>>>>:

(19)

and defining a new state vector as

ZðkÞ ¼ ½ZðkÞ;Z4þ1ðkÞ; . . . ;Z4þl1þl2ðkÞ�
T (20)

Thus, Eq. (18) can be changed into the following standard discrete form without any explicit time delay

Zðk þ 1Þ ¼ FZðkÞ þGVðkÞ (21)

where

VðkÞ ¼
V 1ðkÞ

V 2ðkÞ

" #
; F ¼

F G1 0 � � � 0 G2 0 � � � 0

0 0 1 � � � 0 0 0 � � � 0

..

. ..
. ..

. . .
. ..

. ..
. ..

.
� � � ..

.

0 0 0 � � � 1 0 0 � � � 0

0 0 0 � � � 0 0 0 � � � 0

0 0 0 � � � 0 0 1 � � � 0

..

. ..
. ..

.
� � � ..

. ..
. ..

. . .
. ..

.

0 0 0 � � � 0 0 0 � � � 1

0 0 0 � � � 0 0 0 � � � 0

2
666666666666666664

3
777777777777777775

and G ¼

0 0

0 0

..

. ..
.

0 0

1 0

0 0

..

. ..
.

0 0

0 1

2
666666666666666664

3
777777777777777775

(22)

When mia0 in Eqs. (12) and (13) can be also changed into standard discrete form, for details see
Refs. [5,22].
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4.2. Controller design

Below controller design is presented using the discrete optimal control method. To achieve good efficiency,
the following continuous performance index is used

J ¼

Z 1
0

½ZTðtÞQ1ZðtÞ þ VTðtÞQ2VðtÞ�dt (23)

where Q1 is non-negative definite symmetric matrix and Q2 is positive definite symmetric matrix. The
performance index, Eq. (23), is a continuous form so as to guarantee good response efficiency of systems not
only on every sampling point but also between any two adjacent sampling points. However, the discrete
performance index can only guarantee good efficiency on every sampling point. Surge behavior may possibly
exist between sampling points. So the continuous performance index is used as the objective function in this
paper. Now the task of control design is to design controller for the system Eq. (13) such that the performance
index in Eq. (23) attains minimum. In the above, Eq. (13) has been discretized and changed into the standard
discrete form without any explicit time delay. Below the performance index, Eq. (23), will be discretized and
changed to be the function of the augmented state. Eq. (23) may be written as the following discrete form

J ¼
X1
k¼0

Jk; Jk ¼

Z ðkþ1ÞT
kT

½ZTðtÞQ1ZðtÞ þ VTðtÞQ2VðtÞ�dt (24)

When kTptoðk þ 1ÞT , the solution of Eq. (13) is

ZðtÞ ¼ eAðt�kTÞZðkÞ þ
X2
i¼1

Z t

kT

eAðt�tÞ dtBiV iðk � liÞ (25)

Substituting Eq. (25) into Eq. (24) and then arranging the expression, we have

J ¼
X1
k¼0

ZTðkÞQ1ZðkÞ þ 2
X2
i¼1

ZTðkÞQ0iV iðk � liÞ þ
X2
i¼1

X2
j¼1

V iðk � liÞQijV jðk � ljÞ þ VTðkÞQ2VðkÞ

" #
(26)

where

Q1 ¼
R T

0 FTðtÞQ1FðtÞdt; Q2 ¼ Q2T

Q0i ¼
R T

0 FTðtÞQ1G11ðtÞdt
h i

Bi; i ¼ 1; 2

Qij ¼ BT
i

R T

0 GT
11ðtÞQ1G11ðtÞdt

h i
Bj ; i; j ¼ 1; 2

8>>>><
>>>>:

(27)

where FðtÞ ¼ eAt and G11ðtÞ ¼
R t

0 e
At dt.

The performance index Eq. (26) may be rearranged as the following standard form

J ¼
X1
k¼0

½Z
T
ðkÞQ̂1ZðkÞ þ VTðkÞQ̂2VðkÞ� (28)

where

Q̂1 ¼

Q1 Q01 0 Q02 0

QT
01 Q11 0 Q12 0

0 0 0 0 0

QT
01 Q21 0 Q22 0

0 0 0 0 0

2
6666664

3
7777775

and Q̂2 ¼ Q2T (29)

Eq. (28) is a standard form of performance index. So the next task is to design optimal controller for the
system Eq. (21) by minimizing the objective function given by Eq. (28). This controller may be designed using
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the discrete optimal control method, given by Refs. [5,22]

VðkÞ ¼ � LZðkÞ

¼ � L1ZðkÞ � L2V1ðk � l1Þ � � � � � Ll1þ1V1ðk � 1Þ � Ll1þ2V 2ðk � l2Þ � � � � � Ll1þl2þ1V 2ðk � 1Þ (30)

where L1;L2; . . . ;Ll1þl2þ1 are the component matrices of L. Parameter L is given by

L ¼ ½Q̂2 þG
T
SG��1G

T
SF (31)

where S is the solution of the following discrete Riccati algebraic equation

S ¼ F
T
½S� SG½Q̂2 þG

T
SG��1G

T
S�Fþ Q̂1 (32)

We can observe from Eq. (30) that the controller V(k) at the moment kT contains not only the state term
Z(k) at this moment, but also some control terms before this moment.

Computations for F(t), G11(t), Gi, Q1, Q0i and Qij may be found in Refs. [5,22]. They are summed up as
follows:

G11 ¼ IT þOA; D0 ¼ Q1Oþ ATW

F ¼ IþG11A; Gi ¼ G11Bi

Q1 ¼ Q1G11 þ ATDT
0 ; Q0i ¼ D0Bi

Qij ¼ BT
i WBj ; i; j ¼ 1; . . . ;Na

8>>>><
>>>>:

(33)

where O and W are given by

O ¼
P1
k¼2

Ok

Ok ¼
AT

k
Ok�1;

O2 ¼
T2

2
I

8>>>>>>><
>>>>>>>:

W ¼
P1
k¼2

Wk

Wk ¼
T

k þ 1
½ATWk�1 þWk�1AþQ1Vk þ VT

kQ1�

W2 ¼
Q1T

3

3

8>>>>>>><
>>>>>>>:

(34)

The parameters O and W in Eq. (34) will both converge to constant matrices in limited steps of iterative
computation [5,22].

5. Numerical simulations and experimental studies

To demonstrate the feasibility and effectiveness of the proposed time-delay controller, numerical simulations
and experiments are carried out in this section. Aluminum alloy plate is adopted as structural model. The
length, width and thickness of the plate are a ¼ 600mm, b ¼ 300mm and h ¼ 1.50mm, respectively, as shown
in Fig. 1. Material properties of the plate are as follows: Young’s elastic modulus is Ep ¼ 69GPa, Poisson’s
ratio is np ¼ 0.3 and density is rp ¼ 2:7� 103 kg=m3. The first two natural frequencies of the plate determined
by theoretical model are 3.490 and 15.026Hz, where the first one corresponds to the bending mode and the
second one the torsional mode. The first two natural frequencies determined by experiments are 3.37 and
14.326Hz. The error between theoretical and experimental results of frequencies is within 5%. The first two
damping ratio of the plate are experimentally determined to be 0.0055 and 0.003, respectively.

In the experiments, two PZT patches are used as actuators for controlling the plate. The two PZT actuators have
the same size, given by 60mm� 15mm� 0:5mm. Because of the limitation of the length of PZT actuators, they
are stuck near the optimal positions determined by the PSO (see Table 1). The middle point of the first PZT patch
(denoted by Actuator I) along its length direction is at (0.067m, 0.0285m), as shown in Fig. 2 and the delayed time
of Actuator I is represented by l1. The second PZT patch (denoted by Actuator II) is at (0.45m, 0.2135m) and its
delayed time is l2. The material parameters of PZT actuators are as follows: Young’s elastic modulus is
Epe ¼ 63GPa, Poisson’s ratio is npe ¼ 0:35, PZT strain constants are d31 ¼ 1:75� 10�10 m=V and d36 ¼ 0.

In the experiment, foil gauge is adopted as sensor for measuring strain value of the plate. Strain value can be
transformed into transverse displacement in term of the following Eq. (36). Since the maximum strain value of
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Table 1

Number and optimal positions of PZT actuators.

Number 1 2 3 4 5 6 7 8 9

Location (1,1) (1,1) (1,1) (1,1) (1,1) (1,1) (1,1) (1,1) (1,1)

(15,7) (15,6) (15,4) (1,2) (1,2) (1,2) (1,3) (1,2)

(1,9) (1,8) (11,5) (1,3) (15,5) (1,4) (1,6)

(1,9) (1,8) (17,4) (18,8) (1,6) (1,8)

(1,9) (1,7) (1,8) (1,7) (1,9)

(1,9) (1,9) (1,9) (6,5)

(2,8) (11,5) (11,3)

(12,8) (14,1)

(14,6)

Actutor I

Actutor II

Sensor I

Sensor II

Fig. 2. Photo of experiment plate.
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the first modal vibration of the plate lies at the middle point of the fixed end of the plate in Y direction and that
of the second modal vibration at the upper position of the fixed end, so two foil gauges, denoted by Sensors I
and II, are stuck near these two positions, as shown in Fig. 2. Their coordinates on the plate are (0.031m,
0.1475m) and (0.034m, 0.254m).

The relationship between bending strain and displacement curvature of the plate is given by

�x ¼
h

2

q2wðx; y; tÞ
qx2

(35)

where ex is the bending strain of the plate in X direction; h, the thickness of the plate; wðx; y; tÞ and
q2wðx; y; tÞ=qx2 are the transverse displacement and displacement curvature of the plate, respectively. Using
wðx; y; tÞ ¼

Pr
i¼1W iðx; yÞZiðtÞ, where r is the number of sensors given in the need of the following experimental

studies, Eq. (35) may be changed as

wðx; y; tÞ ¼
2

h
W 1ðx; yÞ . . . W rðx; yÞ½ �

q2W 1ðx1; y1Þ

qx2
� � �

q2W rðx1; y1Þ

qx2

..

.
� � � ..

.

q2W 1ðxr; yrÞ

qx2
� � �

q2W rðxr; yrÞ

qx2

2
6666664

3
7777775

�1

�x1

..

.

�xr

2
664

3
775 (36)

where ðxi; yiÞ is the coordinate of the i-th sensor on the plate, i ¼ 1,y,r.
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5.1. Results of optimal positions of actuators

Assume that one to nine actuators are used for the plate, respectively. And then consider their optimal
positions on the plate. According to the method given in Section 3, the FEM is firstly used for the plate so as
to obtain the generalized mass and stiffness matrices of the plate, thus the first nine natural frequencies and
discrete modes may be obtained. Then the discrete modes may be fitted to be continuous modes using the
classical least squares method. Finally the optimal positions of actuators may be calculated using the PSO. In
using the PSO, the number of particles is set to be 100, i.e., m ¼ 100. The study factors in Eq. (9), c1 and c2, are
both chosen to be 2, i.e., c1 ¼ c2 ¼ 2. The parameter vmax is vmax ¼ 5. The parameter o is degressive from
0.9 to 0.5 according to the number of iterative step. The obtained optimal positions of actuators are given in
Table 1, where the coordinate draft is shown in Fig. 1.

5.2. Signal difference

In active controller, both displacement and velocity (namely the state of system) are required to be used in
control feedback. However, velocity signal (also called differential signal) cannot be measured directly from
sensors in practice. It should be estimated from physical sensor measurements and then is used to calculate the
control forces. In the initial experiment, it was found that the collected signal by the foil gauge may appear
high-frequency noise due to the disturbance of mechanism and electricity, resulting in that differential signal
obtained using the classical interpolation method is disorganized. Here we adopt the tracking-differentiator
given in Ref. [23] to estimate the differential signal. This differentiator can quickly track input signal and give
out high-quality differential signal.

The tracking-differentiator in discrete form is given by Ref. [23]

x1ðk þ 1Þ ¼ x1ðkÞ þ Tx2ðkÞ

x2ðk þ 1Þ ¼ x2ðkÞ þ T fstðx1ðkÞ;x2ðkÞ; uðkÞ; r; hÞ

(
(37)

where u(k) is the input signal at the moment k, x1, the tracking signal of u(k), x2, the estimated differential
signal of x1, T, the sampling period, r, the parameter determining the tracking speed and h, the parameter
determining the filter effect when the input signal is polluted by noise. The fst is given by

fst ¼
�r a=d; jajpd

�r sgnðaÞ; jaj4d

(
(38)

where

a ¼
x2 þ y=h; jyjpd0
x2 þ 0:5ða0 � dÞsgnðyÞ; jyj4d0

(

d ¼ rh; d0 ¼ dh; y ¼ x1 � uþ hx2 and a0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 þ 8rjyj

q

sgnðaÞ ¼

1; a40

0; a ¼ 0

�1; ao0

8><
>:

In the experiments, the data sampling period of sensor is chosen as T ¼ 0.001 and 0.005 s in the need of the
following studies; r and h are chosen as r ¼ 1000 and h ¼ 0:005.

5.3. Experiment system

The experiment system is structured based on the DSP TMS320F2812. This DSP is one of the advanced
digital processors nowadays. The DSP deals with the on-line computation of controller in terms of the
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Strain amplifier

Flexible plate

PZT actuator 

PZT power amplifier

Computer

Foil gauge

DSP (F2812)

ADC

DAC    SCI

Fig. 3. Flow chart of experiment system.
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feedback signal from the foil gauge to get the PZT voltage. The flow chart of experiment system is shown in
Fig. 3 and the detailed signal flow and process are as follows:
(1)
 Feedback signal loop: the signal collected on the foil gauge is amplified by the strain amplifier and then
enters the ADC module in DSP.
(2)
 Control signal loop: the voltage signal goes through the two channels of DAC module into the PZT power
amplifier where it gets amplified and then it goes into the two PZT actuators.
(3)
 The DSP communicates with the peripheral computer via the SCI module which transfers experimental
data to the computer to save and to render diagrams.
5.4. Results of single time-delay case

Single time-delay case is firstly considered. Only one PZT actuator, Actuator I, is used for the plate and this
actuator is assumed to have time delay. Assume that the initial condition of the plate is wð0:6; 0; 0Þ ¼ 0:02m,
_wð0:6; 0; 0Þ ¼ 0, i.e., the down-right point of the plate has an initial displacement. Under this initial condition,
the plate will behave with a free vibration. Since the free vibration of the plate is mainly dominated by its first
mode, Actuator I is used for controlling this mode. In addition, Sensor I is used as signal measurement of the
plate.

For this case, Eq. (36) becomes

wðx; y; tÞ ¼ 2�x1
W 1ðx; yÞ

�
q2W 1ðx1; y1Þ

qx2
� h

� 	
(39)

In the experiments and numerical simulations, the weighting matrices in Eq. (23) are chosen as Q1 ¼ ½100; 1�
and Q2 ¼ 8� 10�4. The following five cases are considered:
(1a)
 no time delay in the system; the no-delay controller is used to control the non-time-delay system;

(2a)
 the time delay l1 ¼ 0:08 s exists in the system for experiment study and the time delay l1 ¼ 0.08 s for

numerical study; the no-delay controller is used to control the time-delay system;

(3a)
 l1 ¼ 0.005 s exists in the system for both experimental and numerical studies; the time-delay controller

presented in this paper is used to control the time-delay system;

(4a)
 l1 ¼ 0.05 s exists in the system for both experimental and numerical studies; the time-delay controller is

used to control the time-delay system and

(5a)
 l1 ¼ 0.4 s exists in the system for both experimental and numerical studies; the time-delay controller is

used to control the time-delay system.



ARTICLE IN PRESS

-0.021

-0.014

-0.007

0

0.007

0.014

0.021

Time (s)

T
ip

 d
is

pl
ac

em
en

t (
m

) 

Time (s)
0 5 10 15 20 25 30 35 40

-160

-120

-80

-40

0

40

80

120

160
V

ol
ta

ge
 (

V
) 

-0.021
0 5 10 15 20 25 30 35 400 5 10 15 20 25 30 35 40

-0.014

-0.007

0

0.007

0.014

0.021

Time (s)

T
ip

 d
is

pl
ac

em
en

t (
m

) 

0 5 10 15 20 25 30 35 40
-160

-120

-80

-40

0

40

80

120

160

Time (s)

V
ol

ta
ge

 (
V

) 

without control with control 

Fig. 4. Response of the plate and applied voltage of Actuator I using the no-delay controller to control the plate without time delay (one

actuator case): (a) simulation result and (b) experimental result.
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In the experiments for the cases (1a)–(4a), data sampling period of sensor is T ¼ 0.001 s. T ¼ 0.005 s is taken
for the case (5a) in consideration of store capacity of DSP.

Figs. 4–8 show the simulation and experimental results of the responses of the down-right point of the plate
and the applied PZT voltage for the above five cases, where Fig. 4 is the result using the no-delay controller to
control the non-time-delay system, Fig. 5 using the no-delay controller to control the time-delay system and
Figs. 6–8 using the time-delay controller to control the time-delay system. The result without control for the
plate is shown in Figs. 4–8 for comparison too. From Fig. 5 we can observe that vibration of the plate cannot
be suppressed if time delay is not treated in control design. The response of the plate with control is contrary
larger than that without control. The results in Figs. 6–8 show that the proposed time-delay controller is
effective in suppressing the vibration of the plate.

It should be mentioned herein that Fig. 5 is the results of disabled delay. The disabled delay of numerical
simulation is different from that of experiment study. The disabled delay of experiment study is 0.04 s and that
of numerical simulation 0.08 s. This difference is probably caused by some uncertain factors between
theoretical and experimental studies, such as model error, parameter uncertainty and signal noise etc. In
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Fig. 5. Response of the plate and applied voltage of Actuator I using the no-delay controller to control the plate with time delay (one

actuator case): (a) simulation result (l1 ¼ 0.08 s) and (b) experimental result (l1 ¼ 0.04 s).
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addition, the disabled delay of experiment study is smaller than that of numerical simulation. This is
reasonable since the simulation result is obtained under ideal condition and many actual factors in the
experiment cannot be fully considered in the simulation. The results in Fig. 5 indicate that time delay in
control systems may cause deterioration of control efficiency if it is not treated in control design.

5.5. Results of two time-delay case

For large or complex flexible structures, more than one actuator is often used for vibration control of
structures. Each actuator possibly exist different delay due to the differences of physical parameter
and capability of actuators. In this section, multiple time delays are considered. The two PZT actuators,
Actuators I and II, are used to control the first two modes of the plate. The delayed time in Actuator I is
represented by l1 and Actuator II by l2. Sensors I and II are both used as signal measurement. As the same in
Section 5.4, the down-right point of the plate has an initial condition, wð0:6; 0; 0Þ ¼ 0:02m and _wð0:6; 0; 0Þ ¼ 0.
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Fig. 6. Response of the plate and applied voltage of Actuator I using the time-delay controller to control the plate with time delay

(l1 ¼ 0.005 s, one actuator case): (a) simulation result and (b) experimental result.
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For this case, Eq. (36) becomes

wðx; y; tÞ ¼
2

h
½W 1ðx; yÞ W 2ðx; yÞ�

q2W 1ðx1; y1Þ

qx2

q2W 2ðx1; y1Þ

@x2

q2W 1ðx2; y2Þ

qx2

q2W 2ðx2; y2Þ

@x2

2
6664

3
7775
�1

�x1

�x2

" #
(40)

In the experimental and numerical studies, the weighting matrices in Eq. (23) are chosen as Q1 ¼

½100; 100; 1; 1� and Q2 ¼ ½3� 10�6; 4� 10�7�. The following five cases are considered:
(1b)
 no time delay in the system; the no-delay controller is used to control the non-time-delay
system;
(2b)
 l1 ¼ 0.004 s and l2 ¼ 0.004 s exist in the system for experimental study and l1 ¼ 0.08 s and l2 ¼ 0.08 s for
numerical study; the no-delay controller is used to control the time-delay system;
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Fig. 7. Response of the plate and applied voltage of Actuator I using the time-delay controller to control the plate with time delay

(l1 ¼ 0.05 s, one actuator case): (a) simulation result and (b) experimental result.
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(3b)
 l1 ¼ 0.003 s and l2 ¼ 0.008 s exist for both experimental study and numerical simulation; the time-delay
controller is used to control the time-delay system;
(4b)
 l1 ¼ 0.04 s and l2 ¼ 0.02 s exist for both experimental study and numerical simulation; the time-delay
controller is used to control the time-delay system and
(5b)
 l1 ¼ 0.2 s and l2 ¼ 0.4 s exist for both experimental study and numerical simulation; the time-delay
controller is used to control the time-delay system.
In the experiments, data sampling period is set to be T ¼ 0.001 s for the cases (1b)–(4b) and T ¼ 0.005 s for
the case (5b).

The responses of the down-right point of the plate and the applied voltages of the two actuators
are demonstrated in Figs. 9–13. The same conclusions as those in Figs. 4–8 may be also obtained in
Figs. 9–13.

There are few more questions that need to be mentioned and discussed herein: (1) The time delay used in the
experimental studies of this paper is voluntarily introduced in the control system and is not the inherent delay
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Fig. 8. Response of the plate and applied voltage of Actuator I using the time-delay controller to control the plate with time delay

(l1 ¼ 0.4 s, one actuator case): (a) simulation result and (b) experimental result.
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within. There should exist an inherent delay in the experiment system which is believed to be minimum and
was not taken into account in this paper. (2) The determination of inherent delay in control systems is actually
so-called time-delay identification problem which is not only a critical but a challenging topic for delayed
system dynamics. Up to now, the study on this topic is very limited, only few theoretical studies have been
done [24,25] and there is no experiment study yet. Furthermore, the inherent delay in a control system is
possibly time-varying. When doing experiment on it, one may also encounter some uncertain factors such as
model error and signal noise, etc. So it would be very hard to exactly determine the inherent delay of the
system by experiments. (3) The time-delay controller proposed in this paper should be re-designed for every
different delay. In addition, this controller cannot deal with time-varying delay since it is designed based on
the LQR method. (4) In practice, time delay in control systems is usually little and is possibly varying within
some extent. Therefore, a time-delay controller using a control strategy with strong robustness to structural
parameter and external disturbance might have some robustness to the variance of time delay. This remains to
be further worked on.
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Fig. 9. Response of the plate and applied voltages of the two actuators using the no-delay controller to control the plate without time

delay (two actuators case): (a) simulation result and (b) experimental result.
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6. Concluding remarks

In this paper, delayed feedback control is numerically and experimentally studied using a flexible plate as
research object. Optimal positions of actuators are determined using the PSO. A controller with multiple time
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Fig. 10. Response of the plate and applied voltages of the two actuators using the no-delay controller to control the plate with time delays

(two actuators case): (a) simulation result (l1 ¼ 0.08 s and l2 ¼ 0.08 s) and (b) experimental result (l1 ¼ 0.004 s and l2 ¼ 0.004 s).
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delays is presented. An experiment system based on a DSP board is introduced. Numerical and experimental
results show that time delay in control systems may cause the degradation of control efficiency if it is not
treated in control design. Delayed feedback control is a feasible strategy that may be used for structural
control.
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Fig. 11. Response of the plate and applied voltages of the two actuators using the time-delay controller to control the plate with time

delays (l1 ¼ 0.003 s and l2 ¼ 0.008 s, two actuators case): (a) simulation result and (b) experimental result.
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Fig. 12. Response of the plate and applied voltages of the two actuators using the time-delay controller to control the plate with time

delays (l1 ¼ 0.04 s and l2 ¼ 0.02 s, two actuators case): (a) simulation result and (b) experimental result.
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Fig. 13. Response of the plate and applied voltages of the two actuators using the time-delay controller to control the plate with time

delays (l1 ¼ 0.2 s and l2 ¼ 0.4 s, two actuators case): (a) simulation result and (b) experimental result.
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